Abstract. We show that in dimension 4 and above, the lifespan of Ricci flows depends on the relative smallness of the Ricci curvature compared to the Riemann curvature on the initial manifold. We can generalize this lifespan estimate to the local Ricci flow, using which we prove the short-time existence of Ricci flow solutions on noncompact Riemannian manifolds with at most quadratic curvature growth, whose Ricci curvature and its first two derivatives are sufficiently small in regions where the Riemann curvature is large. Those Ricci flow solutions may have unbounded curvature. Moreover, our method implies that, under some appropriate assumptions, the spatial transfer rate (the rate at which high curvature regions affect low curvature regions) of the Ricci flow resembles that of the heat equation.
Introduction
In the analysis of various parabolic geometric flows, estimating the lifespan is a fundamental problem which is closely related to the existence and regularity theories. The well-known Ricci flow equation
has been extensively studied. The initial value problem of Ricci flow can be solved on complete Riemannian manifolds with bounded curvature, and the solution can extend to larger time intervals as long as the curvature remains bounded. Therefore, to estimate the lifespan of the Ricci flow, one only need to control the curvature. The Riemann curvature tensor Rm evolves by a second order parabolic equation under the Ricci flow. When the underlying manifold is compact, the maximum principle implies the so called doubling-time estimate (Lemma 2.1), which states that the spatial supremum of |Rm|, where | · | denotes the norm, will not double in a short time interval, whose length is reciprocal to the supremum of |Rm| on the initial manifold. The doubling-time lower bound gives an effective estimate of the lifespan of Ricci flows. It is actually sharp in form for the shrinking sphere example: g(t) = (1 − 2(n − 1)t)g S n which becomes a point at t = 1 2(n−1) . However, this estimate is not sharp when the Ricci curvature is small relative to Rm. Heuristically, if the initial manifold has vanishing Ricci curvature, then the Ricci flow always has a trivial long time solution, no matter how large the curvature is. Starting from a sufficiently small perturbation of the Ricci-flat metric, we shall still expect the solution to have a relatively long lifespan, which the doubling time estimate fails to predict. To deal with this situation, we prove the following version of doubling-time estimate, which features the role played by the Ricci curvature. 
where c(n) is a constant depending only on n.
Remark 0.2. Since the Ricci curvature controls Rm in dimension 2 and 3, the above theorem is new only in dimension n ≥ 4.
When the Ricci curvature is very small relative to Rm, we can take A large and Theorem 0.1 implies a long lifespan. In particular on Ricci-flat manifolds we can take A = ∞, hence T d = ∞. On the other hand, when the Ricci curvature dominates we can still make the assumption true by choosing A = 0 and K large enough. We prove Theorem 0.1 in section 2.1. The key idea is to control the temporal growth of |Rm| at each point directly by the second derivative of Ric. This idea has also been implemented in a different way in the recent work of Kotschwar, Munteanu and Wang [11] , where they established an explicit upper bound of |Rm| in terms of its initial value, a uniform bound of |Ric| in a space-time neighbourhood, and the elapsed time. However, their estimate loses sharpness when the Ricci curvature is small, hence it does not serve our purpose. Curvature and derivative estimates based on the space-time bound of |Ric| have also been obtained by Chen in [3] , where an injectivity lower bound or a pinching condition was also required on a time interval. Our results in this paper only need assumptions on the initial manifolds.
To make this lifespan estimate more useful, we shall restrict the smallness assumption on Ric and its covariant derivatives only to regions where Rm is large. In section 2.2, we will show lifespan estimates (Proposition 2.8, 2.11) for Ricci flows starting from compact Riemannian manifolds satisfying some good covering conditions, which generalize Theorem 0.1.
With some more efforts we can estimate the lifespan of the local Ricci flow (3.1) introduced by Deane Yang [20] , see Proposition 3.9 in section 3.2. This estimate serves as a key ingredient to establish the following existence result for the Ricci flow on complete manifolds with potentially unbounded curvature, which will be proved in section 3.3. Clearly ρ x always exists and ρ x > 0 for any point x in a smooth Riemannian manifold.
Theorem 0.4. Let (M, g) be a compete Riemannian manifold with dimension n. Let ρ x be as in Definition 0.3. Suppose there are constants α, β, γ > 0, such that for any x, y ∈ M , we have Then there exists a complete solution of the Ricci flow g(t), t ∈ [0, T 0 ], with g(0) = g, where T 0 > 0 depends only on n, α, β, γ. Moreover, (M, g(t)) is equivalent to (M, g) and has at most quadratic curvature growth.
Remark 0.5. Assumption (ii) implies that the initial manifolds in Theorem 0.4 can have at most quadratic curvature growth, in that case, so will the solutions for a short time. for m = 0, 1, 2, is trivial when ρ x ≥ α/β. Therefore the smallness of the Ricci curvature is only assumed on highly curved regions.
Existence of Ricci flow solutions on noncompact manifolds was first proved by Shi in [14] , where the curvature is assumed to be uniformly bounded. Under weaker curvature conditions and some noncollapsing assumptions, short-time existence has been proved by Xu [19] , Simon [16] and Hochard [9] , where the curvature may be unbounded initially, but becomes uniformly bounded instantaneously for any positive time. See also the existence result of Chau, Li and Tam in [2] for the Kähler Ricci flow. Solutions with unbounded curvature for positive time have been obtained by Cabezas-Rivas and Wilking in [1] , where the manifolds are assumed to have nonnegative complex sectional curvature. And by Giesen and Topping in [6] for 2 dimensional manifolds. In general, the existence of Ricci flow solutions with unbounded curvature is a very subtle problem, one can refer to [18] for a survey. On one hand the existence is expected to be not true in general, a possible counterexample is a sequence of spheres connected by thinner and thinner necks, which should be pinched immediately under the flow. On the other hand, since the Ricci flow is such a natural geometric equation, it'll be interesting to know what initial manifolds admit a short-time solution.
The solutions provided by Theorem 0.4 may also have unbounded curvature for positive time, as pointed out by Remark 0.5. We would also like to point out that the uniqueness of Ricci flows with quadratic curvature growth and some other mild assumptions has been established by Kotschwar in [10] . It's easy to check that our solutions satisfy these conditions.
In section 3.3 we will prove the existence of Ricci flows on manifolds satisfying a good covering condition (2.4), see Theorem 3.15. Our approach is to take limit of a sequence of local Ricci flows with domains exhausting the entire manifold, this strategy has also been applied in [19] and [20] . The main difficulty in the analysis of the local Ricci flow is that higher order derivatives of the cut-off function appears in evolution equations of the curvatures, and need to be controlled. In section 3.1 we establish some derivative estimates for the local Ricci flow, which may be of independent interests.
During the proof of lifespan estimates we establish barrier function upper bounds for the norm of the Ricci curvature and its first two derivatives, which also imply an estimate for the spatial 'transfer rate' -a term borrowed from heat conduction -of the Ricci flow. Recall that the heat transfer rate reflects how fast (or slow) lower temperature regions are affected by higher temperature regions. As implied by the fundamental solution of the heat equation on R n , it decays at the rate of e −d viewed as the Laplacian of the metric tensor, it is reasonable to expect the following Ricci flow analogue, which is proved in section 4.
Theorem 0.7. Suppose (M, g) is a noncompact manifold satisfying
for all x ∈ M \Ω 0 , where Ω 0 is a compact subset, p ∈ M is a fixed point, α is a positive constant and d(·, ·) is the distance function. Then there is a complete solution of the Ricci flow on M × [0, T 1 ] with initial metric g, whose Ricci curvature has decay:
, where the constants C 1 , C 2 and T 1 > 0 depend on Ω 0 , n and α.
Remark 0.8. It is easy to see that the temporal growth of the geometry under the solution in Theorem 0.7 has exponential decay, more precisely,
A interesting particular case is described by the following immediate corollary.
Corollary 0.9. Suppose a complete Riemannian manifold (M, g) is Ricci-flat outside of a compact domain Ω, and has at most quadratic curvature growth. Then (M, g) admits a short-time solution of the Ricci flow, whose Ricci curvature has spatial decay at the rate of e
−d
2 , where d is the distance to Ω with respect to g.
Similar decay estimates for Ricci flows with bounded curvature coming out of Ricci-flat cones have been proved by Siepmann [15] and Deruelle [5] .
Finally we would like to point out that parallel results can be proved by the same method for the normalized Ricci flow
where the smallness assumption should be imposed on the tensor Ric − λg instead of Ric. Acknowledgements: The author is grateful to Prof. Jiaping Wang for very helpful conversations. He would also like to thank Prof. Robert Gulliver for his interest in this work.
Implications of bounded ∇ 2 Ric
By the second Bianchi identity and the commutation formula for covariant derivatives, we can calculate directly that
where Q(Rm) is a quadratic term. This equation allows us to estimate the first derivative of Rm in terms of bounds on |Rm| and |∇ 2 Ric|. In the following, we use B g (p, r) to denote a geodesic ball with radius r, centered at a point p on a complete n-dimensional Riemannian manifold (M, g). Lemma 1.1. Suppose |Rm|(x) ≤ C 0 and |∇ 2 Ric|(x) ≤ C 0 , for all x ∈ B g (p, 1), then there is a constant C 1 depending on C 0 and the dimension n, such that |∇Rm|(x) ≤ C 1 for any x ∈ B g (p,
where ∇ 3 Ric denotes a linear combination of 4 terms of third order derivative of Ric. Here and in the following we use * to denote a contraction by the Riemannian metric.
Let φ be a cut-off function compactly supported in B g (p, 1/2) which equals 1 in B g (p, 1/4), and satisfies |∇φ| ≤ 8. Multiply both sides of (1.2) by φ 2 |∇Rm| 2p−2 ∇Rm and integrate by parts to get
Integrate by parts again to get rid of ∇ 3 Ric in the last term,
Then the Cauchy-Schwarz inequality and standard absorbing technique imply that
where C is a constant depending on n and C 0 . The Sobolev inequality (1.3) and the Nash-Moser iteration technique yield sup
Then the claimed result follows from Lemma 1.2.
, then there is a constant C 2 depending on C 0 and the dimension n, such that
Proof. Equation (1.1) implies
For any cut-off function φ compactly supported in B g (p, 1),
Integration by parts yields
Then the proof is finished by choosing φ = 1 on B g (p, 1/2) and |∇φ| ≤ 2.
The Sobolev inequality used in the Nash-Moser iteration is provided by the well-known result due to Saloff-Coste [13] , which we state here for reference in the following sections. Lemma 1.3 (Saloff-Coste). Suppose n > 2 and Ric ≥ −(n − 1)Kg on B g (p, r), where K > 0 is a constant. Then there is a constant C depending only on n, such that
In the following sections of this paper, we need cut-off functions with bounded higher order (up to three) derivatives. A key ingredient is the smooth distance-like function with higher derivative bounds constructed by Tam [17] , see also [4] . 
Proof. The idea is to evolve a smooth distance-like function constructed in [7] by the heat equation. We refer to Proposition 26.49 and Remark 26.50 in [4] for a complete proof when r = ∞. Note that the heat kernel upper bound used in this proof can be obtained locally, and the bounds on |Rm| and |∇Rm| are also used locally to estimate higher derivatives of f . Therefore we can simply cut off the initial data on B(p, r) and convolute with a Dirichlet heat kernel, then the same proof as in [4] yields the lemma.
The desired cut-off function is constructed in the following lemma. 
. One can easily check that φ is compactly supported on B(r) and φ(x) = 1 for any x ∈ B(r/4), and
By the scaling property of covariant derivatives, we have
2. Lifespan of Ricci flows on compact manifolds 2.1. Uniformly small Ricci curvature. Under the Ricci flow, the Riemann curvature tensor evolves by a parabolic equation
When the manifold is compact, the maximum principle implies the doubling-time estimate which plays a fundamental role in the analysis of the Ricci flow:
Lemma 2.1 (Hamilton [8] ). Let g(t) be a Ricci flow solution on a compact manifold M with dimension n. Let T d be the first time that
, where c(n) is a constant depending only on the dimension.
Theorem 0.1 can be viewed as an improved version of the above result of Hamilton. Although it can be implied by the more general Proposition 2.11 in the following subsection, we would like to present its proof here as a more economic illustration of how the smallness of the Ricci curvature is used.
Basic ingredients in the proof are the well-known Shi's estimate, and it's modified version which is stated here as a lemma. Lemma 2.2 (Lu-Tian [12] ). For any α, K > 0, and any integers n ≥ 2, l ≥ 0, m ≥ 1, there exists a constant C depending only on α, n, l and m such that if M is a manifold of dimension n, p ∈ M , and g(t), t
and
f or all x ∈ U, and 1
Recall that in Theorem 0.1 we have uniform curvature assumptions that sup M |Rm| ≤ K and |∇ m Ric| ≤ K 1+m/2 e −AK for m = 0, 1, 2, where A ≥ 0. And we use T d to denote the first time that sup M |Rm|(t) becomes 2K.
Proof of Theorem 0.1. We proof this theorem in three steps.
Step 1: Control the first two derivatives of Rm.
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For t < 1/K, and any x ∈ M , the modified Shi's estimate 2.2 implies that
for any x ∈ M .
Step 2: Control Ric and its first two derivatives. Along the Ricci flow, the Ricci curvature evolves by
as long as t ≤ T d , where C 1 depends only on n. By the maximum principle we can estimate sup
The first derivative of the Ricci curvature evolves by (2.3) ∂ ∂t ∇Ric = ∆∇Ric + Rm * ∇Ric + ∇Rm * Ric.
where C 2 depends only on n. The maximum principle implies
for some C 3 depending only on n.
The second derivative of the Ricci curvature evolves by
For t ≤ 1/K, we have, for a constant C 4 depending only on n, that
we can use the maximum principle as before to show that
for some constant C 5 depending only on n.
Apply the maximum principle with the initial value
we can find a constant C 6 depending only on n, such that
Therefore we can take C 7 = max{C 5 , C 6 } to get a uniform estimate of |∇ 2 Ric|,
Step 3: Control Rm by Ric and ∇ 2 Ric Under the Ricci flow, the Riemman curvature tensor evolves by
at any point x ∈ M . Hence by Gronwall's inequality we have a pointwise estimate
By the estimates in Step 2, we have
|Ric| ≤ e −AK (e C1Kt − 1),
8 }, then the following Lemma 2.3 implies that for any t < αA (α+1)(C1+C7) which is independent of K, we have
Therefore we must have
Together with Lemma 2.1, this lower bound yields the claimed result in the theorem.
It is elementary to prove the following:
2.2.
Non-uniform smallness of the Ricci curvature. The uniform smallness assumption on the Ricci curvature in Theorem 0.1 is very restrictive, for example, it would force a complete Riemannian manifold with unbounded curvature to be Ricci-flat. Fortunately, we can still obtain a lower estimate of the lifespan of Ricci flows when their initial data satisfies the following assumption, where the Ricci curvature and its first two derivatives are assumed to be small only in regions where |Rm| is large. This assumption can be implied by the conditions in Theorem 0.4 and 0.7. Though lengthy, it is actually convenient to use in our arguments.
Assumption 2.4. (a) M is covered by geodesic balls
where N is finite when M is compact and N = ∞ when M is noncompact. We
(b) Letr = 4C 0 , where C 0 is the same constant as in Lemma 1.4, which depends only on n. For eachB i , there is a positive number
The number ofB i 's intersecting simultaneously is at most I < ∞.
A few remarks are at hand:
, in which case we can take K i = max{K, 1}.
Remark 2.6. Consider a chain of connected ballsB i , i = 1, 2, ..., k, ..., the curvature upper bound grows linearly in k along this chain, while the distance grows roughly as the partial sum
, which diverges at the rate of √ k. Hence |Rm| is allowed to have quadratic growth when M is noncompact.
Remark 2.7. Under Assumption 2.4, the manifold actually has uniformly bounded Ricci curvature |Ric| ≤ (n − 1)A −1 e AK−1 .
Proposition 2.8. Let (M, g) be an n-dimensional compact Riemannian manifold satisfying Assumption 2.4. Then there is a constant T 0 depending only on n, I, Γ, A andK, such that the lifespan of the Ricci flow solution on M with initial metric g is greater than T 0 . Moreover,
The proof of Proposition 2.8 is omitted since it can be viewed as a corollary of Proposition 3.9, which states the same result for the local Ricci flow. Indeed, we only need to take the cut-off function χ ≡ 1 in Proposition 3.9. We would like to point out that in order to control the Ricci curvature, we need to construct barrier functions by gluing up local information on eachB i , thus we need assumptions (d) and (e) to control the growth of the geometry.
From the proof of Proposition 3.9, we see that the constant T 0 in Proposition 2.8 can be written as C(n, I, Γ)e −AK−7AΓ A. However, larger constant A in Assumption 2.4 implies smaller Ricci curvature, hence we should expect longer lifespan of the solutions. Therefore the exponential term e −AK−7AΓ is undesirable. The next proposition shows that it can be avoided under slightly stronger assumptions: Assumption 2.9. Instead of (c) and Proposition 2.11. Let (M, g) be an n-dimensional compact Riemannian manifold satisfying Assumption 2.9. Then there exists a constant c(n, Γ) depending on n and Γ, such that the lifespan of the Ricci flow solution on M with initial metric g is greater than
Proof. In the proof of Proposition 3.9, the term e AΓ is only introduced when we compare P i and P j ; and the term e AK is only introduced when directly using P i = (n − 1)K i e AK−AKi . These can be clearly avoided under the new assumptions. (See also Remark 3.14.) 3. Existence of Ricci flows on non-compact manifolds 3.1. Derivative estimates for Rm and Ric under the locall Ricci flow. Let (M, g(t)) be a solution of the local Ricci flow
where χ is a non-negative smooth function supported on a compact domain Ω. In this section we prove some useful regularity estimates for the local Ricci flow. For convenience, we first fix the metrics on a large scale so the curvatures are bounded, then we can easily clarify the dependence on the curvature by scaling arguments.
In this and the following subsection, we will make use of the following evolution equations and inequalities under the local Ricci flow, which have been computed in [19] . For any integer m ≥ 0,
And for any integer m ≥ 1,
In the following lemmas we assume bounds on the covariant derivatives of χ in a space-time region. Later, when we apply them to prove existence of the Ricci flow, we will construct cut-off functions satisfying these bounds.
Lemma 3.1. Let m ≥ 1, and let 0 < R, T ≤ α. Suppose there is a constant C 0 such that
And assume that the following Sobolev inequality
holds for any
for some constant C depending on α, C 0 , n and m, where Ω T denotes the cylinder
Since χ|Rm|(x, t) ≤ C 0 for all (x, t) ∈ B g(0) (q, R) × [0, T ], and T ≤ α, the Riemannian metric remains uniformly equivalent on B g(0) (q, R) for all 0 ≤ t ≤ T :
.
Here and in the following we use C to denote a constant whose value may change from line to line but will only depend on α, C 0 , n and m.
For any p ≥ 1, multiply both sides of equation (3.2) by φ 2 χ 2pm |∇ m Rm| 2p−2 ∇ m Rm, and integrate on B g(0) (q, R) to get
Apply integration by parts on I 1 will yield the good terms containing the (m+1)-th derivative of Rm.
Similarly we can integrate by parts to get rid of the (m + 2)-th derivative of χ in I 2 and I 3 . The (m + 1)-th derivative of Rm produced in this process can be absorbed by the good term in I 1 .
can be simply estimated by the Cauchy inequality.
By the assumptions of the lemma, we can replace the lower order (≤ m − 1) derivatives of Rm, and lower order (≤ m + 1) derivatives of χ by their corresponding bounds.
Using the above estimates we can control the time derivative of spatial integrals of χ|∇ m Rm|.
Interpolate using the Cauchy inequality
By the equivalence of metrics, the Sobolev inequality holds for any time t ∈ [0, T ] with a possibly larger Sobolev constant e C(n)C0α C S . Apply the Sobolev inequality to φu p , and note that |∇u| ≤ |∇(χ m |∇ m Rm|)| in the sense of distribution, we get from the above inequality that
where
C depends only on n, m, α and C 0 . Then the Holder inequality implies
, and C is a constant depending only on α, C 0 , C S , n, m, Proof. We only need to modify the proof of Lemma 3.1. Use ψ in (3.4) to be the cut-off function. Note that ψ is independent of t. We can apply the same arguments as in the proof of Lemma 3.1 to arrive at
Integrate on [0, T ] to get
where u = max{χ|∇ m Rm|, 1}.
Apply Holder and Sobolev inequalities as in the previous proof, we get
where V (r) = V ol g(0) (B g(0) (q, r)). We have
Hence u
Apply the Sobolev inequality with the test function ψ, we get
. WLOG we can assume that δ < R < 1, otherwise we can cover B g(0) (q, R) by geodesic balls with radius 1 and work on each smaller ball instead. Then
, and
for some constantC depending on α, C 0 , n and m. Then we can iterate this inequality to finish the proof. Now we show how to obtain L 2 control of χ m |∇ m Rm| .
Suppose there is a constant C 0 such that
where C depends on α, C 0 , n and m.
Proof. Choose a C 1 function 0 ≤ ψ ≤ 1, such that
and |∇ψ| 2 g(0) ≤ 4 R 2 ψ on its support. Using the evolution equation of ∇ m−1 Rm, we can calculate
By the Cauchy inequality
Integrate on [0, T ], we get
Then the result easily follows from the assumptions of the lemma.
By lemma 3.1, 3.2, 3.3, and scaling arguments, we can prove the following:
, for some constant C depending on α, C 0 , n and m.
Proof. Letg = Kg. Then Ric(g(0)) ≥ −C 0g (0). The Sobolev inequality comes from Lemma 1.3. The rest of the proof is a direct application of Lemma 3.1 and Lemma 3.3.
Lemma 3.5. Under the same assumptions as in Lemma 3.4, and assume in addition that sup
, where C depends on α, C 0 , C 1 , n and m.
Proof. Similar to the proof of Lemma 3.4.
In the remainder of this subsection, we will assume that Rm is bounded up to the m-th derivative, then we will derive derivative estimates of Ric. The point is, Ric and its derivatives may be much smaller compared to Rm. Similar to (3.2), we can compute that the Ricci curvature and its covariant derivatives evolve by
where the integer m ≥ 0. Lemma 3.6. Let m ≥ 1, and let R > 0, T > 0. Suppose there are constants
for any x ∈ B g(0) (q, R) and t ∈ [0, T ]. Assume that the following Sobolev inequality
holds for any W 1,2 function f ≥ 0 compactly supported on B g(0) (q, R). And assume that
where V r = V ol g(0) (B g(0) (q, r) ). Then
for some constant C depending on C 0 , C 2 , n and m, where
Proof. Using the same ψ as in (3.4), we can calculate similarly as in the proof of Lemma 3.2 that
I 1 , I 2 , I 3 , I 4 can be handled similarly as in the proof of Lemma 3.1, except that we have to keep track of C 1 whenever we use the bound χ k |∇ k Ric| ≤ C 1 for 1 ≤ k ≤ m − 1.
In the second last inequality we have used the assumptions of the lemma, in particular χ m |∇ m Rm| ≤ C 0 . Similar as in the previous proofs we can integrate to get
where V r = V ol g(0) (B g(0) (q, r)), the constant C depends on n, m, C 0 , and the last inequality follows from Young's inequality. Then the Sobolev inequality implies
The rest of the proof is similar as for Lemma 3.2.
instead of the uniform bound in Lemma 3.6, and other conditions remain the same. Then the conclusion of Lemma 3.6 still holds for T ≤ τ 0 , where τ 0 is a constant depending only on n, m and C 0 .
Proof. In the proof of Lemma 3.6, the only place where we used the bound of χ m |∇ m Rm| is in the estimate of I 4 . Under the new assumption we have
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When integrated on [0, T ] we have
where we used Young's inequality to get the last inequality.
, then we can use the left hand side to absorb the last term and show that
Then the same arguments as before yields the lemma.
Similar to Lemma 3.3, we can control the L 2 norm of higher order covariant derivatives of the Ricci curvature tensor using lower order information.
where C depends on n and m.
Proof. Choose C 1 functions 0 ≤ ψ ≤ 1, such that
on its support. Using (3.5) and integration by parts we can calculate
By the Cauchy inequality
3.2.
Lifespan estimate for the local Ricci flow.
Proposition 3.9. Let (M, g) be an n-dimensional complete Riemannian manifold satisfying Assumption 2.4, and let g(t) be a solution of the local Ricci flow
2 Ric starting from (M, g), where the smooth function 0 ≤ χ ≤ 1 is compactly supported with |∇
Then the lifespan of g(t) is greater than a constant T 0 depending only on n, A,K and I. More precisely, T 0 bounds from below the following generalized doubling time in Definition 3.10.
Definition 3.10. We define the generalized doubling time T to be the largest number such that sup
Hence by Lemma 1.5 we can construct a cut-off function φ i on eachB i , which equals 1 on B i , and has three bounded derivatives: i , m = 1, 2, 3, and
Proof. For any x ∈B i , by the assumption of Proposition 3.9,
Then the lemma follows from Gronwall's inequality and the integral bounds in Definition 3.10. |∇ 2 φ i | is estimated similarly.
By Definition 3.10, we have uniformly equivalent metrics on the time interval [0, T ]:
Now we can apply Lemma 3.4 and Lemma 3.5, which play the roles of Shi's estimate and modified Shi's estimate for the Ricci flow, to show the following derivative estimates for Rm on each B i . Lemma 3.12. There is a constant C 0 depending only on n, Γ and I, such that
, T ] and x ∈ B g(0) (x i , 3r i ). Now we have verified (i). We can prove (ii) similarly using Lemma 3.4.
Then we can prove the following estimates of the Ricci curvature and its first two covariant derivatives. 
Proof. STEP 1: Control |Ric| and |∇Ric|. By (3.5), the Ricci curvature tensor satisfies ∂ ∂t Ric = χ 2 ∆Ric + χ∇χ * ∇Ric + χ∇ 2 χ * Ric + ∇χ * ∇χ * Ric + χ 2 Rm * Ric.
By Lemma 3.11, we have ∂ ∂t
which holds on B i for some constant C 2 depending on n, Γ and I.
Let Ω be the support of χ, and assume that Ω is covered by B i , i = 1, 2, ..., N . Define
where Λ 0 is a constant to be determined, φ i are the cut-off functions in Lemma 3.11.
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Recall that
, then for any (x, t) ∈ B i × [0, T ] we have the following pointwise estimates.
2 e 3AΓ . By Lemma 3.11 we have |∆φ i |(x, t) ≤ C 2 K i for some C 2 depending only on n, hence
Since B i , i = 1, 2, ..., N < ∞ cover Ω, we have
holds on Ω. By Assumption 2.4,
And since χ is compactly supported on Ω, the metric does not change near the boundary and outside of Ω, hence
Hence the maximum principle implies
And when x ∈B i it must be covered by some B j withB j ∩B i = ∅, so
as long as t ≤ T . Similarly we have a differential inequality for the first covariant derivative of the Ricci curvature tensor on B i :
where C 4 depends on n, I and Γ. Let
as before we can find a constant
Hence the same argument for controlling |Ric| yields
In particular, |∇Ric|(x, t) ≤ C(n, Γ, I)e 
WLOG we can assume r i ≤ 2/ √ K i , otherwise we can cover B i with finitely many balls with radius 2/ √ K i and work on each smaller ball. Then Lemma 1.3 and the equivalence of metrics (3.6) imply a uniform Sobolev inequality on the time interval [0, T ]:
for f compactly supported onB i .
We can use Lemma 3.8 to prove
Then Lemma 3.6 and 3.7 imply that sup
Remark 3.14. max{A, 1} 2 in the above estimate can be absorbed by the exponential term since max{A, 1}
2 e −AKi ≤ 4e −AKi/2 . Now we can prove the main proposition of this subsection.
Proof of Proposition 3.9. Under the local Ricci flow, the Riemann curvature tensor evolves by
where C 1 depends on n, I. Suppose x ∈ B i and t ≤ T ≤ A Λ1 , by Lemma 3.13 we have
where m = 0, 1, 2. By Lemma 2.3, f (s) = h(
Λ1ǫ
Ce AK , A)(s) has a minimum f min > 0, which can be estimated from below by a constant in the form C(n, I, Γ)e −AK−4AΓ Aǫ. If T < f min /Λ 1 , then direct calculation yields 
For any x ∈B i , it must be covered by some B j such thatB j ∩B i = ∅, hence the above inequalities still hold if we multiple the right hand sides by 1 + Γ. Therefore, if we take
then the integral bounds in Definition 3.10 are satisfied with sharp inequalities. Therefore we must have T ≥ T 0 = f min /Λ 1 . Keeping track of the constants, we see that T 0 = C(n, I, Γ)e −AK−7AΓ A.
3.3.
Existence of Ricci flows on noncompact manifolds. We will first prove the existence of Ricci flow solutions on manifolds satisfying Assumption 2.4. 
Remark 3.16. In the above theorem, we can choose T 0 smaller, depending on the value of Γ, such that if supB i |Rm| g(0) = K i is achieved for an index i, then we also have sup
Let's first construct the cut-off functions used in the local Ricci flow.
Lemma 3.17. Suppose (M, g) satisfies Assumption 2.4, and Ω is a compact domain in M . Then we can construct a smooth function 0 ≤ χ ≤ 1, which is compactly supported, and χ ≡ 1 on Ω. Moreover, for each index i we have
, when x ∈B i . Proof. We can find a compact domainΩ containing Ω, such that, with possibly reordering the geodesic balls in the cover, we have two integers N 1 < N 2 , such that
For eachB i in the cover, let φ i be the cut-off function onB i defined in Lemma 1.5, which equals 1 in B i . Define
j=1 φ j onΩ, and define it to be 0 outside ofΩ. Then it is easy to check that χ has the desired properties. Now let's prove the theorem.
Proof of Theorem 3.15. Let Ω j , j = 1, 2, ..., be a compact exhaustion of M , for each Ω j , let χ j be the cut-off function constructed in Lemma 3.17. Existence of the local Ricci flow ∂ ∂t g = −2χ
uniformly equivalent to the initial metric g, with curvature uniformly bounded on any compact subset of M .
On Ω j , g j (t) agrees with the Ricci flow. Hence, by passing to subsequences when necessary, g j (t) converges to a Ricci flow solution g(t) on M × [0, T 0 ] in CheegerGromov sense. The equivalence of metrics g(t), t ∈ [0, T ] and the curvature bound are clear from Definition 3.10.
Moreover, if we take ǫ < 1 9C1(1+Γ) in (3.9) in the proof of Proposition 3.9, then the differential inequality (3.8) implies that
Hence we have Remark 3.16. By the construction of the solution in Theorem 3.15 and the proof of Proposition 3.9, we have the following lemma which will be useful later. where
φ i is a cut-off function onB i which equals 1 in B i , i = 1, 2, 3, ..., and Λ is a positive constant depending on n, A, I, Γ. Now, as a corollary of Theorem 3.15, we can prove Theorem 0.4. Let's first state a lemma which is a direct consequence of Definition 0.3. Proof. Suppose B g (x, ρ x ) ⊂ B g (y, ρ y ) properly, then ρ x < ρ y and we have
However, by definition of ρ x , we must have a point x 0 ∈ B g (x, ρ x ), such that either
which leads to a contradiction.
Proof of Theorem 0.4. We only need to check that the initial manifold in the theorem satisfies Assumption 2.4, then the result follows from Theorem 3.15.
Let Ω be a compact domain on M . Let L = 17 √ 1 + γ, and let B g (x i , r i /L), i = 1, 2, ...N , be a maximal set of mutually disjoint geodesic balls with x i ∈ Ω and r i = min{ ρx i 16 , 1}. Such a maximal set must exist since there is no local blow-up of curvature. For convenience we denote
Proof of Claim 1:
The right-hand side of the above inequality is nondecreasing in ρ xi , thus when ρ xi ≥ 1 we have
On the other hand, if ρ xi < 1, then we have ρ xi ≤ ρ xj 1 + γρ 2 xi < ρ xj 1 + γ, hence r i = ρ xi 16 ≤ 1 + γr j .
Therefore Claim 1 is proved. Now we claim that Ω is covered by B i = B g (x i , r i ), i = 1, 2, ..., N . Indeed, for any y ∈ Ω, denote r y = min{ Now take Γ = 256(1 + γ)γr 2 , then (d) directly follows from assumption (ii). To check (e), we need to compare r i and r j whenB i ∩B j = ∅, which is provided by Claim 1. The assumption (i) actually implies that |Ric| is bounded uniformly by (n − 1)e β α −1 e −1 . Hence, by the volume comparison theorem and the disjointness of B g (x i , r i /3), i = 1, 2, ..., standard arguments will show that the maximal intersection number I is finite.
Transfer rate of the Ricci flow
Recall that the heat kernel on the Euclidean space R n is K(x, y, t) = 1 (4πt) n/2 e −|x−y| 2 /4t .
If the initial data is compactly supported, the heat solution will decay spatially at the approximate rate of e −|x| 2 /4t for positive t. As a Ricci flow analogue, we prove Theorem 0.7, which is a consequence of Theorem 3.15 and the curvature estimates we obtained during its proof.
Proof of Theorem 0.7. We shall verify that under the assumptions of the theorem, we can construct a good cover of the initial manifold that satisfies Assumption 2.4. On Ω 0 the construction is simple since we can cover it by finitely many balls with uniform radius and uniform K i . Therefore we can assume WLOG that Ω 0 = ∅.
For any x ∈ M , let's define Now let B i and B j be adjacent in the sense thatB i ∩B j = ∅, whereB i = B(x i , 16r i ). Then d(x i , x j ) ≤ 16r i + 16r j ≤ 4, hence x i and x j can be connected by a piecewise geodesic with 15 pieces, and each piece has length less than when 0 < t ≤ min{T 0 , A Λ } := T 1 and x ∈ B i . The proof can be finished by using (4.1) and choosing suitable constants C 1 and C 2 .
